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Abstract. We study integrability for coactions of locally compact groups. 
For abelian groups, this corresponds to integrability of the associated action 
of the Pontrjagin dual group. The theory of integrable group actions has been 
previously studied by Ruy Exel, Ralf Meyer and Marc Ricffcl. 

Our goal is to study the close relationship between integrable group coac- 
tions and Fell bundles. As a main result, we prove that dual coactions on 
C*-algebras of Fell bundles are integrable, generalizing results by Ruy Exel for 
abelian groups. 



1. Introduction 

Fell bundles, also called C*-algebraic bundles in [12], have attracted interest 
of many researchers in operator algebras. They contain both theories of locally 
compact groups and C*-algebras. Moreover, C*-dynamical systems can be viewed 
as special types of Fell bundles. 

A Fell bundle over a locally compact group G is a continuous Banach bundle 
B = {Bt}teG (see |12j ) endowed with a multiplication and an involution which is 
compatible with the product and the inversion of G in the sense that Bt ■ B s C Bt s 
and B* t C t -i for all t,s G G. There is a topology on B which is in practical 
situations most appropriately specified by a suitable space of continuous sections 
[Til 11.13.18] and, by definition, the algebraic operations on B are required to be 
continuous with respect to this topology. The axiom that connects Fell bundles to 
the theory of operator algebras is the C* -identity = \\b\\ 2 which must hold for 

all b G B. In particular, B e is a C*-algebra with respect to the restricted product 
and involution of B, where e is the identity element of G. 

To a Fell bundle B are associated two C*-algebras in a natural way. The full 
C* -algebra C*(B) which codifies the representation theory of B, and the reduced 
C* -algebra C*(B) which is the one generated by the regular representation of B. 
Both C*-algebras can be viewed are suitable completions of the ""-algebra C C (B) of 
compactly supported continuous sections of B endowed with the usual operations 
of convolution and involution. 

If G is discrete and abelian, there is a close relationship between Fell bundles 
over G and actions of the Pontrjagin dual G on C*-algebras, that is, G-C*-algebras. 
Firstly, since G is abelian, the full and the reduced C*-algebras of B are isomorphic 
(the regular representation is faithful) and, what is more important, there is a 
natural action (3 of G on C* (B) = C* (B) , called the dual action, which is determined 
by 



(1.1) x (O{t) ■= (x\t)Z(t) for £GC c (B),x€G,teG. 
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Here we write (x\t) := x(t) to emphasize the duality between G and G. 

Every action of G may be viewed as a dual action in a natural way if G is discrete, 
that is, if G is compact. Indeed, given a G-C*-algebra A with an action a of G, we 
can define the spectral subspaces: 

(1.2) S t := | a € A: a x (a) = (x\t)a for all x E g| for f E G. 

Since G acts by *- automorphisms, we have Bf B s C fi ts and 6* C £> t -i for all (,sG 
G. This implies that the collection B — {Bt }teG forms a Fell bundle with respect to 
the algebraic operations inherited from A. The continuity of the bundle is irrelevant 
here because G discrete. Note that the spectral subspaces are linear independent 
and the (algebraic) direct sum (J) teG Bt C A can be canonically identified with 
the subspace C C (B) C C*(B). Moreover, this identification induces an isomorphism 
A = G*(£>) which is compatible with the actions of G, that is, it is an isomorphism 
of G-G* -algebras. Here we are implicitly using that G is discrete to ensure that 
the direct sum © t6G B t be dense in A. In general, if G is not discrete, the spectral 
subspaces (ll.2p may be very trivial, for instance they may be all zero even if A is 
non-zero. This happens for example if A carries a dual action. 

As shown by Ruy Exel in [7], a necessary condition for a G-G*-algebra to be 
isomorphic to a dual action is the integrability of the underlying action. The notion 
of integrability of group actions was studied by Marc Ricffel in and is equivalent 
to the one developed by Exel in [7j. A positive element a of a G-G*-algebra A is 
called integrable if the strict unconditional integral Jg ot x {a) Ax exists, that is, if it 
converges unconditionally for the strict topology in Ai{A), the multiplier algebra 
of A. Here we are tacitly using the Haar measure dec of G. Linear combinations 
of integrable elements are also called integrable. A G-G*-algebra A is said to be 
integrable if the set of integrable elements is dense in A. 

Given an integral element a in a G-G*-algebra A, we can define spectral elements 

/•SU 

(1.3) E t (a):= (x\t)a x (a)dx for t E G. 

Jg 

Note that E t (a) is a kind of generalized Fourier coefficient of the element a. It 
belongs to the spectral subspace 

(1.4) M t {A) := {a E M(A) : a x {a) = (x\t)a for all x E G}. 

In the case of the dual action on the G*-algebra C* (B) of a Fell bundle B = {B t }teG, 
it was proved by Exel in [7] that every element £ in C C (B) 2 := span{?7 * (: n,( E 
C C (B)} is integrable (with respect to the dual action) and 

(1.5) E t (0=£(t) foralUeG, 

where we identify each £(£) E Bt as the multiplier in tVJ(G*(B)) given by £(£) -r]\ s := 
£(t) • rj(t~ 1 s) whenever rj E C C (B) and s E G. 

What happens with these results if G is non-abelian? The main goal of this work 
is to answer this question. We are going to generalize Exel's results cited above to 
arbitrary locally compact groups. 

If G is not abelian, there is not a dual action on the G*-algebra C*(B), but there 
is instead a dual coaction of G, that is, there is a nondegenerate *-homomorphism 

8 B : C*(B) -> M{C*{B)®C;{G)) 

which is compatible with the comultiplication of G*(G), the reduced G*-algebra 
of G. Here we implicitly consider G*(G) as a locally compact quantum group in 
the sense of Johan Kustermans and Stefaan Vaes [TC] ■ The comultiplication is the 
nondegenerate *-homomorphism 5: G*(G) — * M{C*(G) ®C*{G)) determined by 
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the equation S(\ t ) = A t <g> A t for t 6 G, where A: G — » C(L 2 (G)) denotes the left 
regular representation of G. The dual coaction is characterized by 8s(bt) = bt <8> At 
whenever bt G Bt- In the same way, there is a canonical G-coaction on C* (£>) , also 
called dual coaction, which makes the regular representation Ag : C* (B) — ► C* (B) 
equivariant, that is, it is determined by the identity 5g(Ag(&t)) = Ag(&t)® At for all 
bt E Bt. In the case of abelian groups, coactions of G correspond to actions of its 
dual G and the dual coaction corresponds to the dual action given by Equation (|1.1[> . 

Having defined the main objects, we can now enunciate our main task: we are 
going to prove that the dual coaction on a C*-algebra of a Fell bundle is integrable. 
The notion of integrable coactions of locally compact quantum groups was defined 
and studied recently by the author and by Ralf Meyer in [3] . The main ingredient 
here is the Haar weight of the quantum group - the noncommutative analogue of 
the Haar measure on a group. The Haar weight of the quantum group (C*(G), S) is 
the Plancherel weight [23l[27] . The weight theory generalizes the concept of measure 
to noncommutative operator algebras and the Plancherel weight corresponds to the 
Haar measure on G if G is abelian. Moreover, in this case integrable coactions of 
G correspond to integrable actions of G. 

Although the theory of integrable coactions is sometimes more technical and 
less transparent than the theory of integrable actions due to the use of weights in 
place of measures, many results have simpler proofs than the case of actions. Our 
main result, that is, the fact that dual coactions are integrable, is an example of 
this phenomena. Its proof not only generalizes, but also simplifies Exel's proof for 
abelian groups. 

In the abelian case, the idea behind the proof is to view the dual action applied 
to an element £ G C C (B) as a kind of generalized Fourier transform of £. In this 
way, to prove that £ is integrable with respect to the dual action means the same 
as to prove that its Fourier transform is strictly-unconditionally integrable. This 
is true if the function £ is positive-definite, and this holds provided £ is positive as 
an element of C*(B). This proves that any element £ 6 C C (B) 2 is integrable with 
respect to the dual action. Moreover, Equation (| 1 . 5|) is just a manifestation of a 
(generalized) Fourier inversion Theorem. 

We follow the same idea to proof that dual coactions are integrable in the case 
of non-abelian groups. Basically, what we need is a generalized Fourier analysis for 
such groups. In particular, we need a generalized Fourier inversion Theorem and 
this has been recently developed by the author in pQ. 



2. Preliminaries 

2.1. Weight theory. In this section we recall some basic concepts of weight theory 
on C*-algebras, mainly to fix our notation. For more details, we refer the reader 

to [H]. 

In operator algebras, the noncommutative version of measure theory is the theory 
of weights. Let us say that X is a locally compact (Hausdorff) topological space 
and suppose that /i is a Radon measure on X. Then we can associated to \i a 
function ip^ : C (A) + — > [0, oo] defined by ^p^{f) '■— J x f(x)dfi(x), where Cq(X) is 
the C*-algebra of continuous functions on X that vanish at infinity and Co(X) + is 
the subset of positive functions in Cq(X). Note that ip^ is additive and homogeneous, 
that is, ^^(af + g) = otip fl (f) + ip ll (g) for all a G R + and /,j£ C (A)+. The theory 
of weights recovers exactly this idea: 

Definition 2.1. A weight on a C*-algebra C is a function ip: C + — > [0, oo] which 
is additive and homogeneous, where C + denotes the set of positive elements of C. 
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Given a weight p on a C*-algebra C, we define the following subsets of C: the 
set of positive integrable elements := {a; £ C + : <p(x) < oo}, the set of integrable 
elements C; as the (complex) linear span of C; + , and the set of square-integrable 
elements C s j := {x G C : x*a; G C ; + }. Note that C ; + is a positive cone, meaning 
that ax + y G whenever a G M + and x, y G C ; + ; also note that Cj 4 " is hereditary 
in the sense that if x,y G C + with x < y and if y G C; + , then a; G C ; + . This 
properties imply (see [H Proposition 2.6]) that C\ is a *-subalgebra of C, that C s i 
is a left ideal of C, that C; is spanned by C^Cgi := : x, y G C s i}, and that the 
positive part of C; coincides with C; . Moreover, the weight (/? extends linearly to 
Ci and its extension is also denoted by ip. 

For the weight ip^ on Cq(X) defined above, Co(X)i is the subalgebra of ^-integrable 
functions in Cq(X), and Co(X) s i is the ideal of /z-square-integrable functions in 
C (X). 

To avoid pathological cases and allow good properties, we impose some natural 
conditions on the weights. Note that for the weight ip^, the subalgebra Co(X)i is 
dense because it contains the subset C C (X) of compactly supported functions. In 
general, we say that a weight p on a C*-algebra C is densely defined if Ci is dense in 
C. It is equivalent to require that Cj + is dense in C + , or that C S i is dense in C. Wc 
are mainly interested in weights that are densely defined and lower semi- continuous, 
that is, 

<p{x) < liminf p(xi) 

whenever (xi)nzj is a net in C + converging to x G C + . For the weight p>^ defined 
from a Radon measure /i, lower semi-continuity follows from Fatou's Lemma. 

An important property about lower semi-continuous weights is that they can be 
approximated by bounded linear functionals in a natural way. More precisely, we 
have (see [I]) 

(2.2) (p(x) = suu{ui(x): ui £ J 7 ^}, 

where := {oj G C*j_ : oj(x) < (p(x) for all x G C + }. Here denotes the set of all 
(bounded) positive linear functionals on C. Moreover, defining Q v :— {a ■ lu: a G 
(0,1), u) G J-<p}, it is possible to prove that Q v is a directed set with respect to 
the natural order of C+, that is, for all u\,uj2 G Q v , there is lu G Q v such that 
uo\,uj2 < to (see [H] for the proof of this fact). This allows us to use Q v as the index 
set of a net. It follows from Equation (|2.2p that 

(2.3) p{x) = lim uj(x) for all x G M{C\. 

It is always possible to extend a lower semi-continuous weight ip to the multiplier 
algebra A4(C) of C in a natural way. In fact, we can define 

ip(x) := sup{w(a;) : oj G T v } for all x G M{C) + , 

where Q denotes the strictly continuous extension of the functional to G C* . Note 
that ip is the unique strictly lower semi-continuous weight on A4(C) extending <p. 
Abusing the notation, we shall also write p> for the extension ip and use the notations 
A4(C)i and A4(C%i for the subsets of Ai(A) of integrable and square-integrable 
elements with respect to (p. We do the same for functionals to G C* , that is, we 
also write oj for its unique strictly continuous extension oj on A4(C). 

2.2. Slicing with weights. Let tp be a lower semi-continuous weight on a C*-alge- 
bra C. Given a C*-algebra A, it is possible to extend <p naturally to a "generalized 
weight" id^ ® <p on A <S> C taking values in A. Here and throughout the rest of 
this work, the symbol <g> denotes the minimal tensor products between C*-algebras. 
It is also possible to extend id^ p to multiplier algebras. Firstly, we define the 
domain of id^i ® p as the set M(A <g) C)f of all x in M{A ® C) + for which the 
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net ((id^ ® w )( a; )) w6 g converges in M S (A). Here A4 S (A) denotes the multiplier 
algebra Ai(A) endowed with the strict topology, that is, the locally convex topol- 
ogy generated by the semi-norms a ||a6|| and a ||fea|| with b G A. For each 
bounded functional ui G C* , the slice map id^ ® cu: A ® C — > C is defined as 
the unique bounded linear map satisfying (id a ®w)(a8c) = auj(c) for all a G A 
and c G C. Moreover, this map admits a unique strictly continuous extension 
A4(A eg) C) — > .M(A) which is also denoted by id^ eg) to. This is the map we used 
above. The slice map id^ ® y> : M(A®C)f — > A4(A) is defined in the natural way: 

(i6. A ® <p)(x) '■= s- lim (idA ® w)(a;) for all z G ( A ® C)^ . 

The script "s" serves to remember that we take the limit in the strict topology of 
M(A). Note that if A = C, then M(A ® C)^ = .M((7)+. As in this special case, 
one has that A4(A<g> C)f is a hereditary positive cone in Ai(A eg C) + . The linear 
span of M{A®G)f, denoted by M(A®C)- U is a *-subalgebra of .M(A® (7) whose 
positive part coincides with M(A <g> (7)+. As for A4(C)i, elements in A4(A ® C); 
also called integrable (with respect to the weight ip). Moreover, the set of square- 
integrable elements M(A ® C) si := {x G ,M(A ® C) : x*x G A4(A (8 C)i} is a left 
ideal inMfig C) and 

A4(A eg C); = span A4(A ® C)* M(A eg C) si . 

The map id^®^ has a linear extension to A4(Acg>C)i, also denoted by id^®^- More 
details about the facts mentioned above can be found in 15j. In particular, the 
following result (Propositions 3.9 and 3.14 in [IS]) characterizes integrable elements. 

Proposition 2.4. A positive element x £ A4(A C) + is integrable (with respect 
to the weight ip on C) if and only if there is a € Ai(A) such that, for all positive 
linear functionals 9 G A3., the element (9 eg idc)(x) is integrable in A4(C) (that is, 
it belongs to M.(C)\) and one has (p[(6 Cg> idc)(x)) — 9(a). 

It is interesting to describe what happens in the commutative case. Assume 
that C = Co (A) for some locally compact space X and that cp — (p^ is the weight 
associated to a Radon measure /i on X (see Section |2~T]) . In this case, AA(A®C) can 
be canonically identified with the C*-algebra Cb(X,A4 s (A)) of all bounded strictly 
continuous functions / : X — > .M(A)Q The concept of integrability defined above 
for elements in .M(Acg>C) can be translated in more classical notions of integrability 
(see p] Proposition 2.2]). To be more precise, a function / : X — > Ad (A) which 
corresponds to a positive element in A4(A eg) C) is integrable in the above sense 
if and only if / is strictly-unconditionally integrable, that is, if the net of strict 
Bochner integrals (f K f(x)dfi(x)) KC converges in the strict topology of A4(A), 
where C denotes the set of compact subsets of X directed by inclusion. Note that 
because / : X — > A4(A) is strictly continuous, its strict Bochner integral exists 
over compact subsets K G X, that is, the functions x <— > f(x)a and x 1— > af(x) are 
Bochner integrable over K for all a G A. 

Unconditional integrability has been studied by Ruy Exel in [Till]. As observed 
by him in [5], this concept of integrability is equivalent to the notion of integra- 
bility in the sense of Pettis [24 . In fact, this result holds not only for continuous 
functions over topological spaces with values in operator algebras, but also in the 
more general context of measurable functions over measure spaces with values in 
arbitrary Banach spaces. This is the main result of the dissertation of Patricia Hess 
[T31 Theorem 4.14]. As we have shown in il, Proposition 2.2], in the special case of 
operator algebras the proof can be simplified significantly. 



lr The script s in (X, A4 S (A)) is used to remember the use of strict topology in M(A). 
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2.3. The Plancherel weight. In this section, we recall some basic facts about the 
Plancherel weight on the reduced C*-algebra G*(G) of a locally compact group G. 
This is a fundamental ingredient for our future constructions. 

We start by recalling the definition of the Plancherel weight <p on the von Neu- 
mann algebra C{G) := C r *(G)" C £{L 2 {G)) (that is, the bicommutant of G r *(G) in 
C{L 2 {G))). For more details we indicate HI, Section 7.2] or [27J Section VII.3]. 

A function £ e L 2 (G) is called left bounded if the map C C (G) 3 / \-> £*/ £ L 2 (G) 
extends to a bounded operator on L (G) and, in this case, we denote its extension 
by A(£). Here (£ * /)(t) = / G £(s)/(s _1 i) ds denotes the convolution of functions. 
Note that A(£) belongs to /3(G) for every left bounded function £. The Plancherel 
weight 0: C(G) + — > [0, oo] is defined by the formula 




II £ 1 1 2 = (£10 if = A(£) for some left bounded function £ e L 2 (G), 
oo otherwise. 



From the above definition it follows that 

£(G) si = {A(0 : £ £ L 2 (G) is left bounded} 

and (by polarization) (p(\{£)* A(r?)J = (£| 77) whenever £, 77 £ L 2 {G) are left bounded. 
Here (£|r?) = J G £,(t)rj(t) dt denotes the inner product in L 2 (G) (which is assumed 
to be linear on the second variable). 

The Plancherel weight ip on G*(G) is, by definition, the restriction of <p to 
C*(G)+. Thus 

C*{G) si = {A(f): £ £ L 2 {G) is left bounded and A(£) £ G*(G)}. 
We also get 

(2.5) .M(G r *(G)) s . = (A(f) : £ £ L 2 (G) is left bounded and A(£) £ M(C*(G))}. 

Defining the usual involution £*(t) := A(i) _1 £(i -1 ), where A is the modular func- 
tion of G, it is easy to see that 

(2.6) K**»7)(t) = (f|V r tT7) for alH, 77 £ L 2 (G) and t £ G, 

where Vt(rj)(s) := rj(st). In particular, the function £* ^77 is continuous and we have 
(£* * 7 ?)( e ) = (^I^K where e denotes the identity element of G. Thus, if £, 77 £ L 2 (G) 
are left bounded functions, the operator A(£* *r?) = A(£)*A(t7) belongs to £(G)i and 

*v)) = {z\v) = (e *v)(e). 

Therefore 

£(G)i = A(C e (G)), 

where C e (G) := span{£* * 77: £,77 £ L 2 (G) left bounded} C C(G), and <^3 is simply 
the functional that evaluates functions of C e (G) at e £ G. Since <p is the restriction 
of (p to G*(G), we have M(C*(G)). C £(G)i and the same formula holds for (p. 

Note that Equation yields A(i)3(£* * rf){t) = (£ \ p t <q), where p t = A(t)?V t 
is the right regular representation of G. It follows that A? • (£* * 7/) £ -A(G), 
the Fourier algebra of the group G (see (Ha). In particular, As . C e (G) C A(G). 
This inclusion has dense image in A(G) because C e (G) contains all the functions in 
C c (G) 2 =s P an(C c (G)*C c (G)). 

Although the formula (p(X(f)) — /(e) makes sense for every function / in C C (G), 
it is not true in general that A(C C (G)) C C(G)- U that is, it is not true that C C (G) C 
C e (G) (of course, we always have C C (G) * C C (G) C C e (G)). See Remark 4.5 in pQ. 
However, one can prove the following partial result (see Proposition 4.4 in [T]): 
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Proposition 2.7. Let G be a locally compact group and let f G C C (G). If A(/) > 
as an operator on L 2 (G), then there is a left bounded function £ 6 L 2 (G) such that 
A(/)i = A(0 and / = £**£. In particular, A(/) G G*(G)+ and 

^(A(/)) = nai = (r*e)(e)=/(e). 

Finally, let us observe that is a KMS weight (see [H] for the definition of KMS 
weights). The modular group of automorphisms {a x } x ewi associated to <p is given 
by 

(2.8) a x (a) = V te aV _ia , a G £(G), a; 6 K, 

where V is the modular operator (in general unbounded, but always closed and 
densely defined). It is given by (V£)(t) = A(t)£(f) for £ G dom(V) C L 2 (G) and 
t G G, where the domain of V is 

dom(V) = U e i 2 (G) : ^ |£(i)| 2 A(<) 2 dt < ooj . 

Equation (|2.8[) implies that tr^At) = A(i) 12: A t for all t G G and x G K. This implies 
that At is analytic with respect to a, that is, the function x i— > o" x (At) extends to 
an analytic function on C. Its extension is given by 

(2.9) o~ z (\t) — A(i) iz At for all z G C, t G G. 

2.4. Generalized Fourier analysis. Considering the Plancherel weight ip as a 
generalization of the Haar measure on G for abelian groups, one may wonder 
whether it is possible to use ip to develop a Fourier analysis to non-abelian groups. 
In this section, we describe some steps in this direction. More specifically, we de- 
fine generalized Fourier transforms and describe how a generalized Fourier inversion 
formula can be obtained. More details can be found in pQ. 

Definition 2.10. Given x G C(G)i, we define the Fourier transform of x as the 
function x : G — > C given by 

x(t) := <^(A t _1 x), t G G. 

Note that, by definition, (p(x) — x(e) for all x G £(G);. As already observed, 
A^ 1 = A t -i is analytic with respect to the modular group of automorphisms of (p for 
all f G G (see Equation (12.9^ ). This implies that A^ 1 ^ G £(G); whenever x G C{G)\. 
Thus the Fourier transform is well-defined. 

If G is abelian, then, under the identification £(G) = L°°(G), the Plancherel 
weight on C(G) corresponds to the usual Haar integral on L°°(G). Moreover, in 
this case £(G); corresponds to the subalgebra L°°(G) n i 1 (G) C L°°(G) and the 
function x corresponds to the Fourier transform of the function / G L°° (G) P\ L 1 (G) 
associated to x, that is, to the function t i— » f(t) := Jq(x I t)f(x) Proposition 
2.5 in [T] describes some basic properties of the Fourier transform. In particular, 
it says that x belongs to C e (G) for all x G C{G)\. In particular, x is continuous. 
Moreover, the Fourier transform A(/) is equal to / for every function / G C e (G). 
If C e (G) is equipped with the usual operation of convolution and the involution 
/*(*) := A(t- 1 )f{t- 1 ), then C e (G) is a *-algebra and the map 

£(G)i C e (G) 

is an isomorphism of "-algebras. The inverse map is given by / i— > A(/). In 
particular, we have 

xy = x * y, e x* — x* for all x, y G £(G)i. 
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In what follows, we generalize the constructions above to allow operator valued 
Fourier transforms using the slice map icU <£> tp: J\4(A (g> C*(G))i — > M.{A) defined 
in Section [221 where A is an arbitrary C*-algebra. 

Definition 2.11. Let A be a C*-algebra and let a £ M (A <g> G*(G)) be an inte- 
grable element. The Fourier coefficient of a at t 6 G is the element a(£) £ A4(j4) 
defined by 

a(t) := (id® ( / 9)((l®A t ~ 1 )a). 
The map £ i— > a(i) from G to M. (A) is the (generalized) Fourier transform of a. 

As already observed, A^ 1 = X t -i is an analytic element for all t £ G. This 
implies that (1 A ® A^ 1 ) ■ M(A® G*(G)). C ® G*(G)). (see [El Proposition 
3.28]), so that the Fourier transform is well-defined. 

Suppose that the group G is abelian. As already observed, there is a canonical 
isomorphism M(A ® G*(G)) = C&(G, A / ( S (A)) , the G*-algebra of bounded strictly 
continuous functions G — > A4(A). Under this identification, the element ((1 ® 
A t -i )a) corresponds to the function x i— > (x | t)a(x). We also observed in Section l2~2l 
that an element a in A4 (A ® C* (G)) + is integrable if and only if the corresponding 
functions i— » a(x) in Cb(G, A4 S (A)) is strictly-unconditionally integrable. Moreover, 
in this case (id(g> f)(a) coincides with Jg U a(x) dx, where the symbol J sn represents 
the strict unconditional integral. Recall that it is defined as the strict limit of 
the net (J^. a(x) dx) KeC of strict Bochner integrals, where C denotes the set of all 

compact subsets of G directed by inclusion. 

We conclude that the Fourier transform of an integrable element a in the space 
M(A® G*(G)) = Cb(G, M S (A)) coincides with the Fourier transform defined by 
Exel in [7]: 



<i(t) = / {x\t)a(x)dx. 
Jg 

Finally, we mention the main result in [Tj. 



Theorem 2.12 (Fourier's inversion Theorem). Let G be a locally compact group 
and let A be a C* -algebra. Let a 6 A4(A®G*(G)) be an integrable element and sup- 
pose that the function G3(h> a(t)(£>A t £ A / l(A(g)G*(G)) is strictly-unconditionally 
integrable. Then 

/>SU 

a(t) <g> A t dt. 



G 



Theorem 12.121 extends to non- abelian groups the version of the Fourier inversion 
Theorem obtained by Exel in [7] for abelian groups. In fact, suppose that G is 
abelian. Then, through the identification M(A ® C*(G)) = C b (G,M s {A)), the 
element a(t) ® At corresponds to the function x i— > (x\t)a(t). Thus, Theorem 12. 121 
says that 



I 

Jg 



(x\t)a(t) dt = a(x) 

IG 

whenever a is integrable and the strict unconditional integral above exists. In this 
case, the Fourier transform a is given by a(t) = Jq (v\ t) a ( r l) d*7- Thus we may also 
rewrite the above equation in the form of a generalized Fourier inversion formula: 



(x\t) {y\t)a(y)dyj dt = a(x). 

Exel's version of Fourier's inversion Theorem starts with a positive-definite, com- 
pactly supported, strictly continuous function /: G — + A4(A). Apparently, our 
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version does not require any positivity condition on the functions involved. How- 
ever, we implicitly have such a condition because integrable elements are defined in 
terms of positive elements. 

To obtain a more precise relation between our version of Fourier's inversion The- 
orem and Exel's one, let us first recall that a function /: G — > Ai(A) is positive- 
definite if, for every finite subset {ti, . . . , t n } of G, the matrix (f(t^ 1 tj)) i is posi- 
tive as an element of the C*-algebra M. n \M.(A)j of all n x n matrices with entries 
inM(A). 

A strictly continuous function / : G — > A4 (A) is positive-definite if and only if 
it has the form f(t) = T*wtT for some strongly continuous unitary representation 
w: G — > £(£) on some Hilbert A-module £ and T: A — > £ is some adjointable 
operator. Basically, this result is a generalized version of Naimark's Theorem on 
the structure of positive-definite functions ([2HI22])- For a detailed proof of this 
fact see [TJ Proposition 4.2]. This characterization implies that such functions are 
automatically bounded and left uniformly continuous in the strong topology of 
A4(A), that is, for all £ £ A, \\f(ts)^ — f(t)£,\\ converges to zero uniformly in t as s 
converges to e (the identity of the group G) . 

Another characterization of positive-definite functions is given in [T] using the 
left regular representation A : C C (G) — > C(L 2 (Gj) - defined by A(/)£ = / * £ for 
all / e C C (G) and £ £ L 2 (G). To describe this, we need to extend A to the space 
C C (G, M S (A)) of compactly supported strictly continuous functions /: G — > M.(A), 
where A is a given C*-algebra. Note that C C (G, M S (A)) is a *-algebra with the 
usual operations of convolution and involution (see [5J Proposition C.6]): 

f*g(t):=[ S f(s)g( S -H)dt and f*(t) := A(t _1 )/(i _1 )* 
Jg 

for all f,g £ C C {G,M S (A)). Hence we can define X A : C C {G,M S {A)) -> C(L 2 (G, A)) 
by A A (/)£ := / * $ for all / G C C (G,X S (A)) and £ £ C C {G,A). Here, L 2 (G, A) 
denotes the Hilbert A- module defined as the completion of C C (G,A) with respect 
to the inner product J G £(t)*Tj(t) dt for all f, jy G C C (G, A). Note that A4(A®G r *(G)) 
can be seen in a canonical way as a G*-subalgebra of C(L 2 (G, A)) and in this way 
X A (f) £ M(A ® G*(G)) for all / G C C (G,X S (A)). Now we can describe the result 
mentioned above (Proposition 4.6 in [T]): 

Proposition 2.13. Let f £ C C (G,M S (A)). The operator X A (f) £ C(L 2 (G,A)) is 
positive if and only if the point-wise product A 3 ■ f is a positive-definite function. 
Moreover, in this case the element a := Aa(/) £ M{A® G*(G)) is integrable (with 
respect to the Plancherel weight on G*(G)) and we have a = f. In particular, 
(id A <8> ^)(d) = = /(e). Moreover, the Fourier inversion Theorem give us the 
following formula for the operator X A (f): 

Aa(/)= / /(t)®A*d*. 

Note that the strict unconditional integral J sn above coincides with the strict 
integral J s because the function 1 1— > f(t)<S>\t is strictly continuous and has compact 
support (and therefore is strictly Bochner integrable). Therefore, we may rewrite 
the above formula as 

(2.14) X A (f) = f f(t)®X t dt. 

Jg 

2.5. Fell bundles. In this section, we select some basic facts that will be used 
later. We start by recalling the definition of Fell bundles. For more details on Fell 
bundles, we indicate [T^] . 
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Definition 2.15. Let G be a locally compact group. A Fell bundle over G is 
a (continuous) Banach bundle B — {B t }teG over G endowed with a continuous 
multiplication 

BxB^B, (b,c)*b-c 

and a continuous involution 

B^B, b^b*, 

satisfying 

(i) B t -B s C B ts and B* t = B t -i for all t, s G G; 

(ii) (a • 6) • c = a • (6 • c), (a • &)* = 6* • a* and (a*)* = a for all a, 6, c e B; 

(iii) ||6-c|| < ||6||||c|| and ||6*|| = ||6|| forall6,cG£; 

(iv) ||6*6||B e = WHb whenever b G B t (e denotes the identity of G); and 

(v) 6*6 >0 (in/3 e ) t forall6G/3. 

Let C C (B) be the space of compactly supported continuous sections of B. For 
£, r? € C C (B), we define 

(£*»?)(*) == / ^(s)r?(s" 1 i)d S 

and 

:= A^-^r 1 )*, 

where A denotes the modular function of G. Then £ * 77 G C C (S) and £* G C C (B), 
so that C C (S) becomes a *-algcbra. By definition, is the completion of C c (£>) 

with respect to the Z^-norm: 

liei|i:= / ||e(t)||dt, 
Jg 

and the full C* -algebra C*(B) of B is the enveloping G*-algebra of ^(B). 

Let L 2 (B) be the Hilbert £> e -module defined as the completion of C C (B) with 
respect to B e - valued inner product: 

and the right £> e -action: 

(£-6)(t) := " 
The ie/t regular representation of £> is the map 

\ B : C*(B)^C(L 2 (B)) 

given by \b{&V = S, * V for all £, 77 G C C (B). The reduced C* -algebra of £> is, by 
definition, G*(S) := A B (C*(B)). 

Example 2.16. (1) Let (B,G,(3) be a G*-dynamical system, that is, a strongly 
continuous action [3: G — > Aut(B) of G on a G*-algebra _B. Then the trivial 
bundle B := B x G with the algebraic operations 

(6, t) • (c, a) := (6/3 t (c), is), (6, t)* := (ft-i (6*), i" 1 ), 

is a Fell bundle over G, called the semidirect product of (f?, G, (3) and denoted by 
B = B X/3 G. In this case, the full G*-algebra C*{B) is isomorphic to the full 
crossed product G*(G, B), and the reduced G*-algebra C*(B) is isomorphic to the 
reduced crossed product G* (G, B) of the dynamical system (B, G, /?). In particular, 
if B = C with the trivial action of G, then G*(S) ^ G*(G) and C*{B) G*(G). 
In this case, Ag corresponds to the left regular representation of G. 

(2) Let (B,G,(3) be a G*-dynamical system. Suppose that I is a (closed, two- 
sided) ideal of B. For each t G G, define It := lC\fi t {I) (which is also a closed, two- 
sided ideal of B) and the map t : I t -i -> I t by t (b) := /? t (6). Then := {7 t , t } teG 



INTEGRABILITY OF DUAL COACTIONS 



11 



is a partial action of G on I as defined by Ruy Exel in [S] . It is called the restriction 
of (3 to the ideal /. 
Define 

23 := {(M) : b G It} C fl x G, B t := J t X {£} = J t 
with the operations 

(6, i) ■ (c, s) := (6/3 t (c), is), (6, t)* := (A-i (6*), i" 1 ). 

Then 23 is a Fell bundle over G, called the semidirect product of the partial dynamical 
system (I, G, 6*); it is denoted by B = I Xg G. One has 

C*(B)^C*(G,I,8) c C*{B)^C*(G,I,6), 

where C*(G,I,6) and C*(G,I,9) denote the full and reduced crossed products of 
(I,G,6). 

More generally, one can construct Fell bundles from twisted partial actions, and 
up to a certain regularity condition all Fell bundles are of this form (see [5] for 
details). 

Definition 2.17. Let £ be a Hilbert B-module, and let B = {Bt} be a Fell bundle 
over a locally compact group G. A representation of B on £ is a map tt from B to 
the G*-algebra C(£) of all adjointable operators on £, satisfying 

(i) the restriction 7T| S : Bt — > £(£) is linear for all t € G; 

(ii) 7r(6c) = 7r(6)7r(c) for all b,c e B; 

(iii) 7r(6)* = 7r(6*) for all b G B; and 

(iv) for each £ G £, the map 23 9 6 — > 7r(6)£ G £ is continuous. 

A representation n of $ on £ is called nondegenerate if span(-7r(23)£) = £. It is 
called isometric if ||7r(6)|| = ||6|| for all b G 23. 

Every representation jt of B on £ corresponds to a unique representation (still 
denoted by n) of C*(B), called the integrated form of 7r, which is determined by 

tt(/)£= / 7r(/(f))£di for all / G L X (B) and £ G £. 
Jg 

This induces a bijective correspondence between representations of B and repre- 
sentations of C*(B). This correspondence preserves nondegeneracy. Note that 
condition (iv) above implies that the function G 3 t i— > 7r(/(t)) G £(£) is strongly 
continuous for all / G C c (23). Since it is bounded, it is also strictly continuous. Since 
C c (23) is dense in L 1 (B), it follows that the function G 3 t ^ n(f(t)) G £(£) = 
A4(/C(£)) is strictly mensurable for all / G ^(B), that is, for all x G /C(£), a map 
G 3 t \ — ► Tr(f(t))x G /C(£) is measurable. Here /C(£) denotes the G*-algebra of 
compact operators on £. Moreover, we have 

Jj\w(f(t))x\\ dt < (J \\f(t)\\ dtj \\x\\ < 00. 

It follows that the map G 3 t ^ 7r(/(t)) G Al(/C(£)) is strictly integrable for all 
/ G L 1 (S). Hence the above formula for the integrated form can be rewritten as 

(2.18) tt(/)= f\(f(t))dt for all / G L\B), 

Jg 

where the superscript "s" indicates strict integration. 

Let B be a Fell bundle over G, and for each t G G, let $ t : 23 t — >• M (G* (23)) be the 
map defined by $ t (b)£| s = &f(t -1 s) and £$ f (&)|„ = Aft- 1 )^*" 1 ^ for all 6 G 23*, 
i G C c (23) and s G G. Let * t : B t -* M(C*(B)) be the composition W t = A e o $ t . 
Note that, identifying X(G r *(23)) C £(L 2 (23)), * t is given by * t (6)£| s = &£(t _1 s) 
for all£ GC C (23) C L 2 (23). 
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Proposition 2.19. Let B be a Fell bundle over G. With the above notations, we 
define $: B -> M(C*{B)) and B -> M(C*(B)) by $(6) = $ t (6) and #(&) = 
\&t(&) /or all b £ Bt- Then $ and ^Sf are nondegenerate, isometric representations of 
B. The integrated forms are, respectively, the inclusion C*(B) <^-> M.{C*{B)~) and 
the left regular representation Ag : C*(B) — > M\C*(B)\. 

Proof. It is easy to check conditions (i)-(iii) of Definition 12.171 To check (iv) , it 
is enough to show that the map b >— > $(&)£ from B into C C (B) is continuous with 
respect to the inductive limit topology for all £ £ C C (B). Suppose that (bi) is a net 
in i3 converging to some b £ B. Take U,t £ G such that 6j S and b £ Bt- Note 
that U —> t because the bundle projection B — > G is continuous. For each i, define 
the function /$ : G — > C by 

/<(*) := ll(*(TO00 - (*(&)O00ll = Pmh) - bat- 1 *)]]. 

Note that /j belongs to C C (G). Since £j — > t, we may assume that the net (i,-) is 
contained in a fixed compact subset of G. Hence the supports of the functions 
fi are all contained in a fixed compact subset Kq C G. Now for each i, there is 
Si £ i^o such that := sup sgG /i(s) = fi(si). Passing to a subnet if necessary, 
we may assume that (sj) converges to some s £ Kq. It follows that Xi — > and 
hence 3>(6i)£ — > $(&)£ in the inductive limit topology. Therefore, $ and hence also 
* = o $ is a representation of B. The integrated form of $ is given by 

Hmu = f *(/(*))e(a)dt= / /(i)er x s)dt=/*e 

for all /,£ e C C (B), that is, $ is the canonical inclusion of C*(B) into M(C*(B)). 
Thus the integrated form of = Ae ° <f> coincides with Ag. In particular, $ and 
'I' are nondegenerate. Now suppose that b £ B e and <&(&) = 0. This means that 
6£(i) = for all £ 6 C C (B) and t £ G. In particular, b£(e) = for all £ £ C C (B), 
which is equivalent to 6c = for all c £ B e . Thus 6 = and hence restricted to 
S e , is injective and therefore isometric. As a conclusion, 

||$(6)f = ||$(6)*$(6)|| = \\$(b*b)\\ = \\b*b\\ = ||6|| 2 for all 6 £ B 

This shows that $ is isometric. Similarly, one can show that <J/ is isometric. □ 

Remark 2.20. Let it: B — ► £(£) be a nondegenerate representation of B, and let 7r 
be its integrated form. Then n o $ = n. In fact, for all b £ Bt, f £ C C {B) and £ G £, 
we have 

*(*(&))#(/)£ = ff (*(&)/)£ = / 7r(($(6)/)( S ))£ds 

= / ^/(r^da = / 7r(/( S ))£d S = 7r(6)fr(/)£. 

iG JG 

In particular, if 7r is isometric, so is tt. Since the regular representation Ag is not 
injective in general, Proposition 12.191 shows that the converse is not true. 

3. Integrable group coactions 

3.1. Preliminaries on group coactions. Firstly, let us recall what is a group 
coaction. Let G be a locally compact group and consider on the reduced G*-algebra 
G*(G) of G, the usual comultiplication 5, that is, the nondegenerate *-homomor- 
phism 

6: C* (G) -> M(C*{G) ® C*(G)) 

determined by the equation S(X t ) = X t <8> Xt for all t £ G. The fact that 5 is a 
comultiplication is expressed by the identity (S <8> id) o S = (id (g) S) o §. 
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Definition 3.1. Let A be a C* -algebra. A coaction of G on A is a nondegenerate 
*-homomorphism 8 a'- A — ► A4(A <g> G*(G)) satisfying the identity (#4 (g) id) 0^4 = 
(id <g) 5) 064, and such that <5a (A) • (l<g)G*(G)) spans a dense subspace in A<g>G*(G). 
A G*-algebra with a coaction of G is also called a G-G* -algebra. 

Note that the linear span of S A (A) ■ (1 ® G*(G)) is dense in A ® G r *(G) if and 
only the same holds for (1 ® G*(G)) • £4 (.A). Hence a coaction 6 4 has its image 
contained in the G*-subalgebra M(A® G*(G)) CM(A« G*(G)) defined by 

{xeM(A® G;(G)) : x ■ (1 ® G*(G)), (1 ® G*(G)) • a; C A ® G r *(G)} . 

Given a coaction <5^ of G on a G*-algebra A, we can define a (left) action of the 
(reduced) Fourier-Stieltjes algebra B r (G) of the group G on A by: 

Lj*i := (id ®w) for aU w G B T (G), £ G A. 

Recall that B T (G) consists of bounded continuous functions G — > C of the form 
t 1 ► w(At), where a; G G*(G)* is some bounded linear functional on G*(G). The 
multiplication on B r (G) is, by definition, the pointwise product of functions. Alter- 
natively, B r (G) is isomorphic to the dual G*(G)* endowed with the multiplication 
uj-B := (ll>®9)o5 for u, 6 G G*(G)*. Note that this isomorphism was implicitly used 
in the definition of the operation oj * £ above. The isomorphism B r (G) = G*(G)* 
is given in such way that the function 1 1— > uj(Xt) in B r (G) corresponds to the func- 
tional lu in G*(G)*. In particular, B r (G) is a Banach algebra. Another important 
algebra in this context is the Fourier algebra A(G) of G which is the (closed) sub- 
algebra of B r (G) generated by the functions 1 1— > (u|At(v)), with u,w £ L 2 {G) (see 
[10j). In particular, we can restrict the action of B r (G) on A defined above to the 
Fourier subalgebra A(G). In fact, this action is always nondegenerate for every 
G-G*-algebra A, that is, the linear span of all elements u> * £ with w G A(G) and 
^ G A is dense in A. 

The class of all G-G*-algebras forms a category. The morphisms are the *-homo- 
morphisms 7r: A — » _B which are G-equivariant, meaning that (77 C>5 id)^ = <5s o 7r 
or, equivalently, n respects the induced actions of B r (G), that is, tt(uj * £) = w * 7r 
for all cj G B r (G) and £ G A In fact, it is enough to require this for u) in the Fourier 
subalgebra A(G) C B r (G). 

Example 3.2. (1) Any G* -algebra A can be equipped with the trivial coaction 5 t r 
defined by S tI (a) := a ® 1 for all a G A. 

(2) The comultiplication 5: G* (G) A / ((G*(G) ® G*(G)) can be seen as a 
coaction of G on G* (G) . One can also consider the canonical coaction So ■ G* (G) — > 
M(C*{G)®C*{G)) of G on full G*-algebra G*(G) which is determined by the 
identity 5 G {U t ) = U t ® X t for all t G G, where W: G -> A4(G*(G)) denotes the 
universal representation of G defined by W t (/)| s := /(t _1 s) for t, s G G and / G 
G C (G) C G*(G). 

(3) Assume that G is abelian. Then coactions of G correspond bijectively to 
(strongly continuous) actions of the Pontrjagin dual G through the canonical iden- 
tification of M(A (g) G*(G)) with the G*-algebra Cb(G,A) of bounded continuous 
functions of G in A. This example explains the terminology "G-G*-algebras". 

(4) A class of important examples are the dual coactions. Given a (strongly con- 
tinuous) action of G on a G*-algebra B, there are canonical coactions, both called 
dual coactions, on the full and reduced crossed products C*(G,B) and C*(G,B). 
Roughly speaking, these coactions act trivially on B and through the canonical 
coactions defined in (2) on G*(G) and G*(G). More generally, we may consider a 
Fell bundle B = {B t }t^G over G, and on its G*-algebras C*(B) and C*(B) there are 
natural coactions 5b and 5 r B , respectively, also called dual coactions. The coaction 
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Sg is determined by the equation 5g(&t) = bt®\t whenever 6 t £ Bt- Here we identify 
the fibers Bt as subspaces of M{C* (£>)) as in Proposition 12. 191 And the coaction 
<5g is determined by the fact that the regular representation Ag : C*(B) — ► C*(B) 
is G-equi variant. See [1] for more details on the definition of dual coactions. We 
shall describe and study these coactions more precisely in the next sections. 

3.2. Integrable coactions. Let G be a locally compact group. The pair (C*(G), 5) 
is a locally compact quantum group in the sense of Kustermans and Vaes |16] . The 
Haar weight - the noncommutative analogue of the Haar measure - on (G* (G) , 5) 
is the Plancherel weight defined in Section lT31 The Haar weight in this case is both 
right and left invariant, that is, (C* (G), 5) is unimodular as a quantum group. 

Coactions of the group G are, by definition, coactions of the quantum group 
(G*(G),i5). The notion of integrable coactions is in this way a special case of the 
same concept for locally compact quantum groups which we developed recently in 
[3]. For reader's convenience, we recall the definition and some basic facts about 
integrable coactions. 

Definition 3.3. Let (A, 8a) be a G-G*-algebra. A positive element a € A4(A) + is 
called integrable (with respect to the coaction 5a) if 5a(cl) is an integrable element 
in M.[A <g) C*(G)) with respect to the Plancherel weight (p on G*(G). In other 
words, a is integrable if <5a(») belongs to M(A (g) G*(G)).. 

The set of positive integrable elements in M(A) + will be denoted by M(A)f and 
the subset of integrable elements in A + C A4(A) + will be denoted by Af . In other 
words, A+ = M{A)+ n A. We write M(A)i := span M(A)f and Ai := spanA+. 
Elements in M(A)i or in Ai are also called integrable. We also write M(A) s i :— 
{a e M(A): a*a 6 M(A)f} for the subset of square-integrable elements in M(A). 
The subset of square-integrable elements in A will be denoted by A s i = M(A) si r\A. 

The set of all integrable elements M{A)i is a hereditary *-subalgebra of M(A) 
whose positive part coincides with M.(A)f . Moreover, M.(A) s i is a left ideal in 
M(A) and 

M(A)i = spanM(A)* s iM(A) si . 
Similar properties hold for Ai and ^4 s i. In general, the subspaces A4(A)i and M(A) S i 
may be "small". For instance, they may be zero. Integrability means that these 
subspaces are dense. More precisely, the G-C*-algebra (A, 5a) is called integrable 
if Ai is dense in A or, equivalently, if Af is dense in A + , or also if A s ; is dense in A. 
It is also equivalent to require that the subsets M(A)+ C M(A) + , M(A)i C M{A) 
or M{A) S i C M(A) are dense in M(A) with respect to the strict topology (see 
[31 Lemma 4.12] for more details). 

The map Av: M(A)i -> M{A) defined by Av(ot) := (id^ ® ip)(5 A (a)) is called 
the averaging map. Lemma 4.10 in [3] shows that the image of Av is contained in 
the fixed point algebra: 

Mi(A) := {x £ M{A) : 8 A (x) = x®l}. 

Example 3.4. (1) If G is discrete (or, equivalent, if the quantum group (C*(G),5) 
is compact), then the Plancherel weight is bounded, and hence every coaction is 
integrable. Otherwise, there are always non-integrable coactions. For example, the 
trivial coaction on a non-zero G*-algebra is integrable if and only if G is discrete. 
The same is true for coactions on unital G*-algebras because in this case there is 
no dense (left or right) ideal. 

(2) If G is abelian, then integrable coactions of G correspond to integrable actions 
- as defined by Rieffel and Exel in [7lf8Tf2l)| - of the dual group G through the usual 
correspondence between coactions of G and actions of G as in Example I3.2f 3). 
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Moreover, if a C*-algebra A has a coaction of G that corresponds to an action a of 
G, then an element a S Ai(A) + is integrable if and only if the strict unconditional 
integral Jg a x (a)dx converges. In this case, this integral is equal to Av(a). See 
comments after Definition 12. 101 

(3) One of the most simple non-trivial examples of integrable coactions is the 
coaction S of G on G*(G), that is, the comultiplication of G*(G) itself. The canon- 
ical coaction 8g of G on its full C*-algebra C*(G) (see Example I3.2T 2) ) is also 
integrable. More generally, every dual coaction (see Example I3.2f 4)) on the full 
C*(G,B) or reduced C*(G,B) crossed product is integrable, for every G*-dynam- 
ical system (B,(3,G). In fact, it is possible to generalize this result to quantum 
groups, see [H Proposition 4.20]. 

(4) As a special case of (3), we get that the dual coaction on JC(L 2 (G)) = 
C*(G,Co(G)) = C*(G,C Q (G)) is integrable, where C (G) is endowed with the trans- 
lation action of G. More generally, given any G-G*-algebra A, there is a canonical 
coaction on A (g> /C(L 2 (G)), called the stable coaction, which also integrable. This 
result can be also generalized to quantum groups, see [21 Proposition 4.22]. Hence, 
up to stabilization, every coaction is integrable. In particular, every coaction is 
Morita equivalent to an integrable coaction. 

To prove that the comultiplication 5 on G*(G) is integrable as a coaction of 
G, one simply uses that the Plancherel weight is left invariant, see [3| Example 
4.4]. And a similar argument also shows that the coaction 5g of G on G*(G) 
is integrable. These facts together with the following permanence property for 
integrable coactions [3J Proposition 4.14] show that every classical dual coaction is 
integrable: 

Proposition 3.5. Suppose that A and B are G-C* -algebras and that it: A — > A4(B) 
is a nondegenerate G-equivariant * -homomorphism. Then B is integrable whenever 
A is. Moreover, if a £ M.(A)\, then n(a) e M(B)\ and Av(7r(a)) = Av(a). 

One can replace the homomorphism -k in the above proposition by any linear pos- 
itive, nondegenerate, strictly continuous and G-equivariant map M(A) — > M(B). 

Using the above proposition, it is simple to show that dual coactions on crossed 
products are integrable. In fact, given any action (B,(3,G), there are canonical 
equivariant homomorphisms G*(G) -> M{C*{G,B)) and G*(G) -> M(C*(G,B)). 
This argument does not apply to dual coactions on the G*-algebras C^(B) of a 

Fell bundle B = {B t }teG because there is no nondegenerate G-equivariant homo- 
morphisms CtJG) -> M(CfJB)). In fact, Lansdstad's Duality Theorem [T9"ll2T)] 
shows that the existence of such homomorphisms is a peculiarity of classical dual 
coactions on crossed products. 

One of the main goals in this work is to show that dual coactions on G-G*-al- 
gebras of Fell bundles are integrable. We shall prove this using the definition of 
integrability rather of any other property. 

3.3. Integrability of dual coactions. This section contains the main result of 
this work, namely, the fact that dual coactions on full and reduced C*-algebras of 
a Fell bundle are integrable. 

Let G be a locally compact group, let B = {B t }teG be a Fell bundle over G and 
let A :— C*(B) be the full G*-algebra of B. We identify each b B € B B as an element 
of M. (A) through the map $ defined in Proposition 12.191 Thus b s £ B s will be 
identified with the multiplier of A = C*(B) given by (b s ■ £)(£) :— b s ■ C(s _1 i) for 
all £ 6 C C (B) and s,t 6 G. With this identification, each section £ € C C (B) may be 
viewed as an element of C C (G, M S (A)) , the space of compactly supported strictly 
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continuous functions G — > .M(A). Since the integrated form of <£>: B — > 
coincides with the inclusion A .M (A), Equation (|2.18|) yields 

(3.6) £ = A (£(«)) = ds, £ G C C (B), 

where the superscript "s" indicates a strict integral. The same equation holds for 
£ £ L l (B), but we only need it for £ G C C {B). 

There is a dual coaction of G on A denoted by 5 B : A — > ( A ® G*(G)) and 
characterized by <5g(6 s ) = & s ® A s for all & s 6 B s (see [5] for details). It follows from 
Equation (|3.6p that 

(3.7) 5 B (0= A(.s)®A s d s , £ eC c (B) 

JG 

Comparing the above formula with Equation (|2.14p . we get the following formula 
for the dual coaction: 

(3.8) S b (0 = Xa(0 for alU G C C (B). 

As an immediate application of the formula above, we describe the £? r (G)-action 
induced by the dual coaction. Recall that B T (G) denotes the Fourier-Stietjes algebra 
of G. Given u £ B t {G) C*(G)* and £ 6 C C (S), Equation (JSU) yields ' 

(3.9) u*£ = (id®u)(5 B (f)) = (idigm) ^ £,(s) ® \ s ds^j = J £(s)u(s) ds = u-£_. 

Thus, the action of B r (G) on A induced by the dual coaction 5b, when restricted 
to C C {B), is simply pointwise multiplication. 

As a second, more important application of Equation (|3.8[) . we show that the 
dual coaction 5b is integrable: 

Theorem 3.10. Let B be a Fell bundle over G. Then the C*-algebra C*{B) en- 
dowed with the dual coaction 5b is an integrable G-C* -algebra. Moreover, each ele- 
ment in C C (B) is square-integrable, that is, each element £ of the dense *-subalgebra 
C C (B) 2 := span{?7 * £: 77, £ £ C C (B)} is integrable, and we have 

(3.11) Av(£)=£(e). 

Proof. Let A := C*(B). By polarization, it is enough to show that £ = 77* * 77 is 
integrable for all 77 £ C C (B). Identifying C C (B) C C C (G, .M S (A)) as above, we have 
<5 B (£) = Aa(£) by Equation (gig]) . Since A A (£) = A a (?7)*Aa(?7) > 0, PropositionHH 
implies that <Jb(£) belongs to M(A ig) G*(G))., that is, £ £ A iy and 

Av(£) = (id A ® = (id A ®¥>)(AA(0) □ 

Now we direct our attention to the reduced G*-algebra C*(B) of a Fell bundle 
B. Let us start recalling that the left regular representation of B is defined by 

\ B .B^ C{L 2 {B)), A B (6 t )£(s) := &t£(t _1 s) for all 6 t £ B t and s,t £ G, 

where L 2 (B) denotes the Hilbert £> e -modulc defined as the completion of C C (B) with 
the obvious right Z? e -action and the £> e -inner product 

(£,v)b. ■= f m*v(t)dt, C,77£C c (/3). 

JG 

By definition, 

C:(B):=\b(C*(B)) C£(L 2 (B)). 
There is a coaction 5 r B of G on C*{B), also called dual coaction, determined by 
the fact that Ag: C*(B) — > C*(B) is equivariant (see [5] for details). Moreover, 5 B 
satisfies 

5 B {x) = W B {x®l)W£, 
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where Wb is the unitary operator in C [L 2 (23) ® L? (G)) defined by Wjg£(s,i) = 
^s- 1 *) for all £ G C c (23 x G) and s,t £ G. Here we identify L 2 (23) <g> L 2 (G) ^ 
i 2 (23 x G), where 23 x G denotes the pullback of 23 along the projection G x G 3 
(s,t) hsgG, In particular, this implies that (5^ is injective. 
The equivariance of Ag yields 

Sh( x B(bt)) = (As ® id) (5 B (6t)) = (As ® id)(6 t ® A t ) = A B (b t ) <g> A t for all 6 t G 23 t) 

and hence 

^b(AbK))= f A B (£(t))®A t dt, £gC c (23). 

Using the regular representation Ag : G*(23) — * G*(23), we can carry over our 
results from G* (23) to G r * (23) : 

Corollary 3.12. Let 23 be a Fell bundle over G. Then the C* -algebra G*(23) en- 
dowed with the dual coaction S B of G is an integrable G-C* -algebra. Moreover, 
every element in Ae(C c (23)) is square-integrable, that is, every element Ag(£) in 
Ag(C c (23) 2 ) is integrable and 

Av(Ab(0) =Au(£(e)). 
Proof. The result follows from Theorem 13. 101 and Proposition 13. 51 □ 

3.4. The Fourier transform. 

Definition 3.13. Let {A, 8 a) be a G-G*-algebra. For a G Al(^4)i, we define the 
Fourier coefficient of a at i G G by 

£ t (a) := (id A ® ® A^Ma))- 

The map i i— > E t (a) from G into A4(j4) is called the Fourier transform of a. 

In other words, the Fourier transform of an integrable element a G A4(A)i is 
the Fourier transform of the integrable element 8a{cl) G A4(A ® G*(G)). as in 

Definition 12.111 that is, -Et(a) = (5a (a) (i) for all t G G. Note also that 

£ e (a) = (id A (g) ^)(5 A (o)) = Av(a). 

If the group G is abelian and if we identify C* (G) = Co (G) in the usual way 
(through the Fourier transform), then (1a ® A t -i)(/)(x) = (a; | t)f(x) for all / G 
C 6 (G,X S (A)) = 7U(A ® G r *(G)) and x G G, where we write (x | i) := a:(t) to 
emphasize the duality between G and G. Thus if 8a corresponds to an action a 
of G on A, then the Fourier coefficient coincides with that one defined by Exel in 

/■su 

Et(a) = / (x,i)aa;(a) dx, a 6 M(4)j. 
Jg 

Proposition 3.14. Let A be a G-C* -algebra and let a G A4(A)i be an integrable 
element. Then the Fourier coefficient E t (a) belongs to the t-spectral subspace Mt(A) 
of M(A) defined by 

M t (A) := {b G M(A) : 8 A (b) = 6® A*}. 

Proof. Since the comultiplication 8 of G*(G) satisfies 8(Xt) — At ® At, the equation 
(Sa <8> id) o = (id a <S> 8) o <5a yields 

((5a ® id)((U <8> A t " 1 )5A(a)) = (U (8 A t $ l)(id A ® <J)((1a (8 A^ 1 )^)). 
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Now, using the invariance of the weight ip with respect to the comultiplication 8 in 
its generalized form as in [T71 Proposition 3.1], we get the desired result: 

S A (E t (a)) = 8 A (pd A ® <p)((U ® A t " 1 )^(a))) 

= (idA <8> id <g> 99) ((^A®id)((lA®A i - 1 )5A(a))) 
= (idA ® id <8 ((1a <S> A 4 <g> l)(id A ® 5) ((1a ® A^Ma))) 
= (1a ® A t )(idA ® id <8> 93) ((idA ® <5)((1a ® A,: 1 )^))) 
= (1a® At) ((idx ®y) ((U® A t -1 )M<0) <g> l) 

□ 



= J5 t (a)®A t . 



Let e G G be the identity element. Note that the e-spectral subspace Ai e (A) is 
exactly the fixed point algebra: 

M e (A) = Mi{A) = {b e M(A) : 5 A (b) = b®l}. 

The following result is a generalization of [U Proposition 6.4]. 

Proposition 3.15. Let A be a G-C* -algebra and consider a,b G M{A)i and m G 
M S {A). Then, for all s.t £ G, 

(i) E t (a)*=A(t)- 1 E t - l (a*), 

(ii) ma G A4(A)i and mE t (a) — E st (ma), 

(iii) am G A4(A)i and E t (a)m = A(s)E ts (am), 

(iv) E t (a)E s (b) = E ts (E t (a)b) = A{s)E ts (aE s (b)) . 

Proof. (i) Recall that A t is an analytic element and cr z (At) = A(i) 12 At for all 
z G C (see Equation (12. 9p ). This implies that ip{x\ t ) — <p(<J\{\t)x) = 
^{t)' 1 ip(\ t x) whenever x G M(C*(G)).; see Proposition 1.12 in [15]. A 
generalization of this fact also holds for the slice map idA ® <fi] see Proposi- 
tion 3.28 in [TS]. Thus 

E t {a)* = (idA O <p)((1a ® A t " 1 )(5A(a))* 
= (idA®v)(^(a*)(lA<8>A t )) 
= (idA ® ¥>)((U <8> o- j (At))5A(a*)) 
= A(i)- 1 E t -i(a*). 

(ii) If b G M(A) si , then 6a (&m) = 8 A (b)(m®\ t ) G M(A(g>C*(G)) si because At 
is an analytic element. In other words, bm G A4(A) s i. Using that M(A)i is 
linearly spanned by M(A)l i M(A) s i, this implies that ma G M(A)i. More- 
over, since 5 A (m) = m (g> X s , we conclude that 

mE t (a) = m(id A ® ip)((l A ® A t -i)^A(a)) 
= (idA ® ¥>)(( m ® A t -i)^A(a)) 
= (idA ® p)(CU ® A t -iA s -i)<5A(ma)) 
= Erf (ma). 
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(iii) As in (ii) one can prove that am £ Ad(A)[. Using again the analyticity of 
\ s and the relations <r z (A s ) = A(s) lz A s and 8 A (m) = m ® A s , we get 

E t {a)m = (id A ® ip)((l A ® \ t -^)S A (a))m 

= (id A ®ip)((l A ®\ t -i)5 A (a)(m®l)) 

= (id A ® ¥>)((1a 8) X t -i)S A (am)(l A <g> A s -i)) 

= (idA <8> v)((1a ® ^(Aj-OVO^W) 

= A(s)(id A ® v)((U® A a -iA t -i)<U(am)) 

= A(s)E ts (am). 

(iv) This follows from (ii) and (iii) together with Proposition 13.141 □ 

The following result gives some further properties of the Fourier transform. In 
particular, we get continuity properties that generalize [7J Proposition 6.3] and 
[5J Proposition 6.3]. 

Proposition 3.16. Let A be a G-C* -algebra. If a £ M.(A)f is a positive integrable 
element, then t i— > E t (a) := A.(t)i • E t (a) is a positive-definite function. In general, 
t i ► E t {a) is linear combination of positive-definite functions. In particular, it is 
bounded and strictly continuous. Moreover, if G has equivalent uniform structures, 
then the Fourier transform t i— » E t (a) is bounded and strictly-uniformly continuous 
on G, that is, for each b £ A, all the expressions \\E ts (a)b — E s (a)b\\, \\bE ts (a) — 
bE s (a)\\, \\E st (a)b — E s (a)b\\ and \\bE st (a) b — bE s (a) \\ converge to zero uniformly in 
s as t converges to e (the identity element of G). 

Proof. Since t i— ► E t (a) is the Fourier transform of the integrable element 5 A (a) £ 
M(A® C*(G))., all the assertions follow from Corollaries 5.2 and 5.3 in pQ. □ 

Finally, we describe the Fourier transform in the case of a dual coaction. 

Theorem 3.17. Let B = {Bt}teG be a Fell bundle and consider the C* -algebra 
C*(B) with the dual coaction 5b of G (defined by Equation (|3.7p ). Identifying Bt 
as a subspace of M.(C*(Bj), we have 

Et{£) = £(t) for all £ £ C C (B) 2 and t £ G. 

Proof. Using polarization and the same idea as in the proof of Theorem I3.10[ this 
result follows from Proposition 12 . 131 and Equation (|3.8[) □ 

Remark 3.18. Let us illustrate how it is easy to show Theorem l3.17l if G is discrete. 
Moreover, in this case the result holds for all £ £ L 1 (B). Indeed, if G is discrete, 

sGG 

for all £ £ L 1 (B) and the functional (ft is bounded and satisfies ipt(X s ) — St, s for all 
t, s £ G, where <5j )S denotes the delta Kronecker's function. Therefore, 

E t (0 = (id®<p t ) (E^ S )® A = 

VsGG / sGG 

Theorem 13 .171 is a generalization of [3 Theorem 5.5] to non-abelian groups. The- 
orem 5.5 in [7] is proved using an appropriate Fourier inversion formula. To explain 
what we mean, let us assume that G is abelian. Then the dual coaction <5g corre- 
sponds to the action (3 of G on C* (B) given by 



f3 x (0(t) = (x\t)£(t) for all £ £ C C (B), t e G, x£G. 
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It is easy to see that (3 x (b t ) = (x\t)b t for all b t G B t C M(C*(B)). Equation 
yields 



= / (^|s}£(s)ds = / (x\a)t(a)ds. 
Jg Jg 

Thus, we may think of /3a; (0 as a generalized Fourier transform of £ 6 C C (B). In 
this way, Theorem 13. 171 is the Fourier inversion formula: 

^ (a?, t) (J (s|«)£(«) ds^j dx = f (t) for i G G, £ € C C (S) 2 . 

Now we prove an analogous version of Theorem 13.171 for the reduced G*-alge- 
bra C*(B) using the regular representation Ag : C*(B) — > C*(B) as an equivariant 
homomorphism. First, we need a preliminary result. 

Proposition 3.19. Let (A, 6a) and (B ,6b) be coactions of G . Suppose that tt : A — > 
.M(-B) is a nondegenerate equivariant* -homomorphism. If a G M.(A)- U thenir(a) G 
M{B)i and 

E t (77(a)) = ir(E t (a)) for all t G G. 

Proof. By Proposition 13.51 ir(a) G A4(B)[ for all a G A4(/l)i. Moreover, the equiv- 
ariance of n yields the desired result: 



E t (-K(a)) = (id B ®<p)((1b ® Ap)5 B (7r(a)) 

= (id B ® ^)((tt (8) id)((U ® A^ 1 )*^))) 
= 7r((id B <g> <p)((U ® A t _1 )5A(a))) 

= 7r(£t(o)). n 

Corollary 3.20. Let B = {Bt}tec be a Fell bundle over G and consider the dual 
coaction 6 T B of G on C* (B) . Then 

Et(MO) = As (£(*)) for all £ G C C (B) 2 . 
Proof. The assertion follows from Theorem 13.171 and Proposition 13.191 □ 

3.5. The Fourier inversion theorem for integrable coactions. Let G be a 

locally compact group, let B be a Fell bundle over G, and let a G C C (B) 2 . Theo- 
rem 13.171 allows us to rewrite the formula 

/>S />SU 

a = / o(i) dt = / a(t) dt 
Jg Jg 

in the form 

/■su 

(3.21) a= / E t (a)dt. 



Note that the last equation above makes sense for an integrable element a of an 
arbitrary G-G*-algebra A provided 1 1— > E t (£,) is strictly- unconditionally integrable. 
The goal of this section is to investigate when Equation 13.211 holds in this general 
setting. Recall that B r (G) = G*(G)* denotes the Fourier-Stieltjes algebra of G. 

Lemma 3.22. Let (A, 6a) be a G-C* -algebra. If a £ M{A\ and uj G B r (G), then 
oj * a G M.(A)i and 

E t (iJ * a) = E t (a)u(t) for all t G G. 
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Proof. The Plancherel weight ip on C*(G) is both left and right invariant with 
respect to the comultiplication 5, that is, the quantum group (C*(G),S) is uni- 
modular. It follows from Lemma 4.11 in [3] that u> * a e M(A)\ and E e (ui * a) = 
Av(w * a) = Lo(e) Av(a) = ui(e)E e (a). The desired result for arbitrary t £ G now 
follows from the following calculation (where we use again that (p is right invariant): 

E t (uj * a) — (id A ® <^)((1a ® X^ 1 )5a(u * a)) 

= (id A ® <p)((id A <8>id® lu)({1 a ® A t _1 <8 l)(id^ <g> 5)5a(o)) 
= (id A ® <y9)((id j4 ® id® wA t )(idA ® ® AJ" 1 )5a(o)) 



= (id A ®wA t )^(idA®^«'id)((id J 4®^)((lA® A t ^aO))) 
= (id A ®Lj\ t )((id A ®tp)((l A ® A t _1 )^A(a)) (8 



= J B t (a)a;(t). □ 

Theorem 3.23 (Fourier's inversion Theorem). Lei (^4, o"a) &e a G-C* -algebra. Let 
a £ j4| anrf suppose that the Fourier transform G3tn E t (a) £ A'J(A) zs strictly- 
unconditionally integrable. Then 



S A {a) = / E t (a) <g> Atdt. 
//(5a is injective, then J G E t (a) dt = a. In general, we have 

E t (tjJ * a) dt = ui * a /or w € B r (G). 



Proof. Since the function t i— > E t (a) is strictly- unconditionally integrable, so is the 
function 1 1— > Et(a) ® At = ^(^(a)), and 



<5a (^y E t {a)dtj=J E t {a)®\ t dt. 
Proposition 12.121 yields the first assertion: 

/■Sll 

5 A (a) = / £ t (a)® Afdt. 

JG 

This implies 

5 A (^y" E t {a)d?j=J E t {a)®\ t dt = 5 A (a). 

Therefore, if S A is injective, then J^E t (a)dt — a. Finally, if w £ B r (G), then 
Lemma 13.221 yields 

uj * a = (id A ® w) (S A (a)) 

= (idA®w)(/ ^(a) ® A t dt 



E t (a)ui(t) dt 
E t (uj * a) dt. 



□ 



Remark 3.24. The injectivity of oa in Theorem 13.231 is really necessary. In fact, if 
a £ ker(#A), then a 6 Ai and Et(a) — for all t € G. Thus, if S A is not injective, 
and if ^ a £ ker(c>A), then 



/>SU 

/ E t (a)dt = ^ a. 
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Theorem 13.231 generalizes Proposition 6.6 in [S] to non-abelian groups. As- 
sume that G is abelian. Then, under the usual identification M.(A® G*(G)) = 
Cb(G, M S (A)), the element E t (a) ® At corresponds to the function x i— » (a; | i).E t (a). 
Hence, Theorem 13 . 231 yields 



(x\t)E t (a) dt = a x (a), 



a 



where a is the action of G on A corresponding to the coaction 8a- The Fourier 
coefficient E t (a) in this case is given by the integral Jq (x | t)a x (a) dx. Thus, we may 
rewrite the above equation in the form of a generalized Fourier inversion formula: 



(x\t) yj^ (x\t}a x (a) dx j dt = a x (a). 

4. Summary and outlook 

In the previous sections we saw that Fell bundles over locally compact groups give 
rise to examples of integrable coactions - the dual coactions. It is therefore natural 
to ask whether every integrable coaction comes from a Fell bundle in this way, that 
is, if every integrable coaction is isomorphic to a dual coaction. Unfortunately, 
this is a delicate question which is not true in general. The question was initially 
proposed by Ruy Exel in [7] for the case of abelian groups. In a subsequent article 
[8], Exel gave a partial solution to the problem (for abelian groups). He proved 
that under certain additional conditions on an integrable coaction of G, it is in fact 
possible to construct a Fell bundle over G in such a way that the initial coaction is 
isomorphic to the dual coaction of the constructed Fell bundle. 

As already mentioned, if G is abelian, coactions of G correspond to actions of 
the dual group G and, therefore, the theory of coactions is not necessary in this 
case. The main goal of Exel in [5] was to find conditions on a given action of G that 
guarantee it is equivalent to a dual action on the G* -algebra of some Fell bundle 
over G. The spectral theory developed by Exel gives enough conditions on the 
spectral elements E t (a) of an integrable action for that goal to be achieved. More 
precisely, it is required the existence of a dense subspace W consisting of integrable 
elements that are relatively continuous, meaning that 

|| E ts (a)E r (6) — E t (a)E sr (b)\\ — > 0, uniformly in t,r G G as s — > e. 

for all a, b € W. Although technical, this condition is naturally established in the 
case of the dual action of G on C*(B), where B is a Fell bundle over G. Moreover, 
the main result in [8] says that an action of G is isomorphic to a dual action if and 
only if it is continuously integrable, that is, integrable with a relatively continuous 
dense subspace W. 

The spectral theory for group actions on G*-algebras developed by Exel only 
makes sense for abelian groups. However, our work allows us to extend that theory 
to non-abelian groups just replacing actions by coactions of groups. In fact, besides 
of defining integrable coactions and proving that dual coactions belong to this 
class, we developed a theory of spectral elements E t (a) that makes sense for any 
integrable element a in a G-G*-algebra A, where G is an arbitrary locally compact 
group. Note that relative continuity is a concept that still makes sense for coactions 
and, therefore, it is licit to speak of continuously integrable coactions. In fact, with 
ideas similar those of Ruy Exel in [5] , it is possible to characterize dual coactions 
through continuous integrability. One of the main tools in this direction is the 
Fourier inversion Theorem for integrable coactions which is also one of our main 
results (Theorem I3.23P . We plan to publish the details of this construction in a 
future work. 
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